Here we present the two-photon and two-gluon decay widths of the S-wave (η Q∈c,b ) and P-wave (χ Q∈c,bJ ) charmonium and bottonium states and the radiative transition decay widths of cc, bb and cb systems based on Coulomb plus power form of the inter-quark potential (CP P ν ) with exponent ν. The Schrödinger equation is solved numerically for different choices of the exponent ν. We employ the masses of different states and their radial wave functions obtained from the study to compute the two-photon and two-gluon decay widths and the E1 and M1 radiative transitions. It is found that the quarkonia mass spectra and the E1 transition can be described by the same interquark model potential of the CP P ν with ν = 1.0 for cc and ν = 0.7 for bb systems, while the M1 transition (at which the spin of the system changes) and the decay rates in the annihilation channel of quarkonia are better estimated by a shallow potential with ν < 1.0.
Introduction
The renaissance in the hadron spectroscopy particularly in the heavy flavour sector associated with the large number of charm and beauty states 1 arpitspu@yahoo.co.in 2 azadpatel2003@yahoo.co.in 3 pothodivinod@yahoo.com observed in recent experiments [1, 2, 3, 4] has created renewed interest in the study of hadron spectroscopy. Particularly the discovery of η b (1S) state, η c (2S) state and other orbitally excited states in the charmonia and bottonia systems [5] has stimulated the theoretical phenomenologists to take a new look and refine their parameters that describe the nature of quark-antiquark interaction at the hadronic scale. The goodness of the spectroscopic parameters like the interquark potential and its parameters that describe the masses of the bound states and the corresponding wave functions obtained from the phenomenology, in the descriptions of other properties like the decay (in the annihilation channel) and transition properties now become the prospects for a detail investigation. With the recent CLEO measurements [4, 5] of the two-photon decay rates of the even-parity, P-wave 0 ++ (χ Q0 ) and 2
++
(χ Q2 ) states and with renewed interest in radiative decays of heavy quarkonium states, it seems appropriate to have another look at the two-photon decay of heavy quarkonia from the view point of quark-antiquark interaction [6, 7] . Though the physics of quarkonium decay seems to be better understood within the conventional framework of QCD [8] , unlike the two-photon width of S-wave (η Q ) which can be predicted from the corresponding J/ψ and Υ leptonic widths, the similar prediction for the P-wave (χ Q ) states is not conclusive. Similarly the radiative transitions in heavy quarkonia (cc, bb and cb) states have drawn much theoretical interest [9, 10] , as they can provide direct information on the nature of QQ interaction. Most of the existing theoretical values for the decay rates are based on potential model calculations that employ different types of interquark potentials [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . We consider the conventional nonrelativistic formalism for computations of the decay properties of the heavy flavour systems. In the traditional non-relativistic bound state calculation, the two-photon and two-gluon widths of quarkonium states depend on the ℓ th derivatives of the radial wave function at the origin [11] . As considered by many authors [24, 25, 26, 27, 28] , the contribution from the radiative corrections to these decays are also incorporated in the present study. The paper is organized as follows. In Section 2, we describe the phenomenological quark-antiquark interaction potential and extract the parameters that describe the ground state masses of cc, bb and cb systems. We also compute the low lying orbital excited states of these systems. In section 3 we employ the spectroscopic parameters of the cc and bb systems to study the two photon and two-gluon decay widths. The radiative transitions (E1 and M1) of the cc, bb and cb systems are described in section 4. In section 5 we present, analyze and discuss our results to draw important conclusions.
The phenomenology and extraction of the spectroscopic parameters
For the description of the quarkonium bound states, we adopt the phenomenological Coulomb plus power potential (CP P ν ) expressed as [24, 25] V (r) = − 4 3
Here, A is the confinement strength of the potential and α s is the running strong coupling constant which is computed as,
Where, n f is the number of flavors, µ is the renormalization scale related to the constituent quark mass and Λ is the QCD scale which is taken as 0.150 GeV by fixing α s = 0.118 at the Z−boson mass (91 GeV ) [5] . The potential parameter, A of Eqn.1 is similar to the string strength σ of the Cornell potential. We particularly chose to vary ν in our study as very different interquark potentials can provide fairly good description of the mass spectra, while the transitions and other decay properties are very sensitive to the choice of interquark potential. Thus the present study on the decay properties of heavy flavour mesons based on the CP P ν model by varying the exponent ν (0.1 ≤ ν ≤ 2.0) can provide significant understanding of the quark-antiquark interaction in the mesonic states while they undergo a transition or decay through annihilation channels. The different choices of ν here then correspond to different potential forms. So, the potential parameter A expressed in GeV ν+1 can be different for each choices of ν. The model potential parameter A and the mass parameter of the quark/antiquark (m 1 , m 2 ) are fixed using the known ground state center of weight (spin average) mass and the hyperfine splitting (M3 S 1 − M1 S 0 ) of the ground state cc and bb systems respectively. The spin average mass for the ground state is computed for the different choices of ν in the range, 0.1 ≤ ν ≤ 2.0. The spin average or the center of weight mass, M CW is calculated from the known experimental/theoretical values of the pseudoscalar (J = 0) and vector (J = 1) mesonic mass as
The Schrödinger equation is numerically solved using the mathematica notebook [ver. 3 .0] of the Runge-Kutta method [29] . For computing the mass difference between different spin degenerate mesonic states, we consider the spin dependent part of the usual one gluon exchange potential (OGEP) given by [30, 31, 32, 33, 34] . Accordingly, the spin-dependent part, V SD (r) contains three types of interaction terms, such as the spin-spin, the spin-orbit and the tensor part as
The spin-orbit term containing V LS (r) and the tensor term containing V T (r) describe the fine structure of the meson states, while the spin-spin term containing V SS (r) proportional to 2( s q · sq) = S(S + 1) − 3 2 gives the spin singlet-triplet hyperfine splitting. The coefficient of these spin-dependent terms of Eqn.4 can be written in terms of the vector (V V ) and scalar (V S ) parts of the static potential, V (r) described in Eqn. 1 as [32] 
Here V V is the coulumb part (1 st term) and V S is the confining part (2 nd term) of Eqn. 1. The computed masses of the QQ( 2s+1 L J ) states are listed in Table 1 3. Two-photon and two-gluon decay widths for quarkonium states
The extracted model parameters and the radial wavefunctions are being employed here to compute the two-photon (Γ γγ (QQ)) and two gluon (Γ gg (QQ)) decay widths. Two photon widths of orbitally excited quarkonium states χ QJ=0,2 → γγ are suppressed by the mass of the heavy quark while the two-photon decays of the spin one state χ Q,1 is forbidden by the LandauYang theorem [35, 36] . Most of the quark model predictions [5, 21, 37] for the η Q → γγ width are comparable with the experimental value. However the theoretical predictions for the P -wave (χ Q0,2 → γγ) widths differ largely from the experimental observations [5] . This warranted to incorporate contribution from QCD corrections. Thus with the one-loop QCD radiative corrections the decay widths of 1 S 0 (η Q ), 3 P 0 (χ Q0 ) and 3 P 2 (χ Q2 ) states into two photons are computed according to the non relativistic expression given by [11, 14, 24, 25, 38, 39, 40] 
Here, B 0 = π 2 /3−28/9 and B 2 = −16/3 are the next to leading order (NLO) QCD radiative corrections [40, 45, 46] and are considered to be the same for charmonium and bottonium systems. Similarly, the two-gluon decay width of η Q , χ Q0 and χ Q2 states are given by [47] ,
Here, the quantities in the square brackets are the NLO QCD radiative corrections [40, 45, 46] and the coefficients, C Q , C 0Q and C 2Q for the charmonia (Q = c) and bottonia (Q = b) are listed in Table 4 . The value of the radial wave functions |R 8.77 10.0 C 2Q −4.827 −0.1 from the numerical solution of the schrodinger equation corresponding to the CP P ν potential model description of the QQ bound states described in section 2. The computed digamma widths of the cc and bb states are listed in Table 5 and 6 while the digluon widths of cc and bb states are listed against the exponent, ν in Table 7 and 8 respectively.
Radiative transitions
As the mass spectra of the quarkonia states are well known, the investigation of radiative transitions become important and such study could help us to understand the theory of strong interaction in the nonperturbative regime of QCD. The motivation for the present work is to study the radiative transitions (E1 and M1 transitions) of the QQ (Q ∈ b, c) states and to investigate the interquark potentials that provides the right description of the quarkonia states. The nonrelativistic treatment adopted for the study of these heavy flavour mesonic systems allows as to apply the usual multipole expansion in electrodynamics to compute the transition between the quarkonia states with the emission of a photon. The leading terms in this expansion correspond to the E1 and M1 transitions. The electric dipole term (E1) is responsible for the transition between the S and P states without changing the spin of the quark-antiquark pair, while the magnetic dipole term (M1) describes the transition between S = 1 and S = 0 states without changing relative orbital momentum (L) of the quark-antiquark pair. Accordingly, electric transitions do not change quark spin. These transitions have ∆L = ±1 and ∆S = 0. The E1 radiative transition width between initial state, (
is given by [48] , [20] 0.214 -- [27] 0.350 -- [28] 0.384 ± 0.047 -- [31] 0.230 -- [49] 0.313 -- [50] 0.466 ± 0.101 -- [51] 0.170 -- [52] 0.520 -- [53] 0.560 -- Here, α = 1/137, ω is the photon energy and e Q , the mean charge content of the QQ system are expressed as
and
respectively. Here, M i and M f are the initial and final state mass of the quarkonia respectively. The statistical factor S E if = S E f i is given by,
The overlap integral ε if is given by The E1 transition rates of charmonia, bottonia and B c systems are listed in Table 9 , 10 and 11. The magnetic dipole transitions (M1) flip the quark spin, so their amplitudes are proportional to the quark magnetic moments and thus related inversely to the quark mass. Thus, M1 transitions are weaker than the E1 transitions and this causes difficulties in the experimental observations. Along with other exclusive processes, the magnetic dipole (M1) transitions from the spin-triplet S-wave vector (V) state to the spin-singlet S-wave pseudoscalar (P) state have also been considered as a valuable testing ground to further constrain the phenomenological quark model of hadrons. The M1 transitions have ∆L = 0 and the n 2s+1 L J → n ′ 2s ′ +1 L J ′ + γ transition rate for QQ 
Where
and, m Q/Q is the mass of the heavy quark/antiquark. The statistical factor
The matrix element M contains the integral related to the static term (I 1 ) and the term related to the contribution from the two quark confining exchange current (I c ) in the non-relativistic limit as
Here, Ar ν is the confining part of the quark-antiquark potential described by CP P ν model. The magnetic dipole transition rate (allowed M1 transitions) corresponds to triplet-singlet transitions between S-wave states, Γ(n 3 S 1 → n 1 S 0 + γ) of the cc, bb and cb systems are listed in Table 12 , 13 and 14 respectively. Other allowed M1 transitions n 3 S 1 → n ′ 1 S 0 + γ with n > n ′ are nonrelativistically forbidden [58] and require relativistic treatment which is beyond the scope of the present study. The values within the brackets are the results computed by incorporating the two-quark exchange current contribution as given by [56, 57] . Other theoretical model predictions and available experimental results are also listed for comparison. 
Results and Discussions
The computed masses of charmonium, B c meson and bottonium low lying states using the CP P ν model are shown in Table 1 , 2 and 3 respectively with different choices of exponent ν. Their respective experimental values (PDG average) are also listed for comparison. The best possible choice of the exponent (ν) for the description of quarkonia (bb & cc) spectra would be the one with minimum statistical deviations of the predicted mass spectra with the corresponding experimental values. For this we consider about ten experimentally known states (n 2S+1 L J ) of cc and bb systems as given in Tables 1 and 3 , and compute the root mean square deviations of the predicted masses of these states for each choices of ν as
The computed values of the SDmass(ν) for cc and bb systems are plotted against ν in Fig. 3 . The figure shows distinct minima around ν = 1.0 in the case of cc and around ν = 0.7 in the case of bb systems. Thus, we conclude that charmonia spectra are better described with the cornell-like potential with ν = 1.0, while the bottonia spectra are better described by a relatively flat potential with ν = 0.7. In the absence of known experimental excited states for B c system, we consider that better predictions for the B c spectra must lie within the range of the exponent 0.7 ≤ ν ≤ 1.0. And it is found that the predicted masses of the B c states for the choices of ν in the range, 0.7 ≤ ν ≤ 0.9 are in good agreement with other theoretical predictions [26, 41, 42, 43] . The computed two-photon and two-gluon decay widths of η Q , χ Q0 and χ Q2 states (Q ∈ c, b) using the spectroscopic parameters of CP P ν model are compared with other theoretical predictions in Tables 5, 6 , 7 and 8 respectively. The experimentally known two-photon and two-gluon widths of the cc states are also compared in Table 5 and 7 respectively. The two-gluon decay process accounts for substantial part of their hadronic decays and hence we have compared our results of the cc system with their measured hadronic decay widths. Though there are many model predictions for the two-photon decay widths of χ c0 and χ c2 states, only very few predictions for the η c → γγ state exist. Our predictions for Γ γγ (cc) with the exponent lying in the range, 0.4 < ν < 0.7 and that for Γ gg (cc) in the range, 0.3 < ν < 0.5 are in accordance with other [5] . Similar to the rms deviations computed for the mass predictions, the rms deviations of the predicted two-photon widths of the charmonia states with their respective experimental values show a minimum around ν = 0.5 (see Fig. 6 (a)) while that in the case of two-gluon widths occur around ν = 0.4 (See Fig. 6(b) ). The shaded regions in Fig. 4 with left aligned lines show the neighborhood region of the exponent ν at which SDmass is minimum for cc states. And the right aligned shaded region show the region of ν (0.4 < ν < 0.7) around which the minimum rms deviations of the two-photon widths (SD − γγ) occur. The present analysis thus clearly indicates that the mass predictions and the annihilation widths studied here cannot be explained by any single potential choice. In the case of bb systems, Fig. 5 shows the trend lines for the two-photon and two-gluon decay widths with ν. These decay widths of η b , χ b0 and χ b2 states have not been measured. However many other theoretical models predicted the two-photon decay of η b state, while very few model predictions exist for χ b0 and χ b2 states. Our two-photon and two-gluon widths of the bb systems within the exponent, 0.3 < ν ≤ 0.7 are in accordance with other theoretical predictions. New experimental results for these decay widths of bb system are awaited. Present widths in the range of exponent 0.3 < ν < 0.7 for two-photon and two-gluon decays are marked in Fig. 5(a) as right aligned shaded region. Further, the present study clearly indicates that the QQ system in its anni- hilation channel (digamma/digluon decays) interact more weakly compared to their bound state spectral excitations. The low lying electric dipole transition rates of the cc, bb and cb systems are listed in Table 9 , 10 and 11 respectively, with other theoretical model predictions and with available experimental results. Their trendlines drawn against ν are shown in Fig. 7 . The horizontal lines that cut the E1-curves correspond to the respective experimental values. The shaded region correspond to the neighbourhood of ν for which the SDmass is minimum. The present results for the E1-transition rates agree with the experimental data [5] in the neighbourhood region of ν = 1.0 in the case of charmonium systems and in the neighbourhood region of ν = 0.7 in the case of bottonium systems. These values of ν are the same at which SDmass becomes minimum.
The predicted M1 transition rates with the correction due to the confining exchange current contribution for QQ states are drawn in Fig. 8 with respect to the exponent ν. Present result in the case of J/ψ → η c γ is in agreement with the known experimental result of 1.21 ± 0.37 keV at the exponent ν ≈ 0.8 with the confining exchange current contribution while it agrees with the prediction at the exponent ν ≈ 0.5 without the exchange current contribution. Our results for cc system in the range, 0.7 ≤ ν ≤ 1.0 of the exponent, ν are in accordance with the values predicted by other models. From the present study, the importance of the two -quark confining exchange current contribution in the M1 transition widths of cc system becomes very clear. In the case of bb and cb states, our predictions with and without the exchange current contribution in the range 0.6 < ν < 1.0 of the exponent, ν are in accordance with other model predictions. However lack of experimental data for these decay widths does not allow to draw conclusion in favour of a particular choice of the exponent ν.
To summarize, we find that the description of the quarkonia mass spectra and the E1 transition can be described by the same interquark model potential of the CP P ν with ν = 1.0 for cc and ν = 0.7 for bb systems, while the M1 transition (at which the spin of the system changes) and the decay rates in the annihilation channel of quarkonia are better estimated by a shallow potential with ν < 1.0. We look forward to future experimental data related to the decay properties of cb and bb systems. 
